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Retarded radiation from colliding black holes in the close limit

Sascha Hush? Yosef Zlochower, Roberto Geez?2 and Jeffrey Winicour?

Albert Einstein Institute, Max Planck Gesellschaft, Haus 1, Anmlghberg, Golm, Germany
Department of Physics and Astronomy, University of Pittsburgh, Pittsburgh, Pennsylvania 15260
3pittsburgh Supercomputing Center, 4400 Fifth Avenue, Pittsburgh, Pennsylvania 15213

(Received 30 August 2001; published 8 April 2002

We use null hypersurface techniques in a new approach to calculate the retarded waveform from a binary
black hole merger in the close approximation. The process of removing ingoing radiation from the system leads
to two notable features in the shape of the close approximation waveform for a head-on collision of black
holes: (i) an initial quasinormal ringup andi) weak sensitivity to the parameter controlling the collision
velocity. Featurg(ii) is unexpected and has the potential importance of enabling the design of an efficient
template for extracting the gravitational wave signal from the noise.
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I. INTRODUCTION tent of the Cauchy data. The close approximafibh based
on the perturbation of a stationary single black hole space-

We use a characteristic evolution algorithm to computetime, has been extremely useful for understanding the binary
the retarded radiation produced by the vacuum collision oblack hole problem by means of Cauchy evolut{@s-14).
two black holes in the close approximation where the colli-Even in a Schwarzschild background, the absence of any
sion occurs in the distant past. The retarded wave correanalytic linearized solutions makes a computational ap-
sponds to the perturbation of a Schwarzschild spacetime iproach necessary. However, the perturbative equations can
which no ingoing radiation enters the system. In previousde evolved with high accuracy and provide the closest thing
work [1] we applied characteristic evolution to determine theto an exact solution for calibrating the accuracy of a fully
close approximation retarded waveform from a white holenonlinear code, as has become pracfice-17.
fission. Here we find that the retarded waveform from a Perturbation approximations play a similar role in cali-
black hole merger has distinct features which do not appedprating the accuracy of characteristic evolution codes and
in the fission waveform(i) an initial quasinormal ringup and testing their ability to give reliable physical informatiphg].

(i) weak sensitivity to the parameter controlling the collision Our previous papefl], which uses characteristic evolution
time scale. Featur@) arises at early times as a mathematicalto compute the close approximation retarded waveform for a
artifact of eliminating ingoing radiation in a vacuum black white hole fission, is the starting point for the present work.
hole evolution. This feature, which we expect would alsoUnder time reversal, the retarded solution for a white hole
arise in an analogous Cauchy treatment of the problem, is ndission is equivalent to an advanced solution for a black hole
of physical significance for black holes which are formed inmerger. In the advanced solution, ingoing radiation is ab-
the past from collapsing matter in a conventional astrophysisorbed by the black holes but no outgoing radiation is emit-
cal scenario. On the other hand, featdii¢ arises at the ted. This advanced solutidi] provides stage | of a new two
intermediate time just prior to the ringdown of the final black stage approach to the binary black hole prob[@®—21]. In
hole. Removal of incoming waves that would affect the in-stage Il, treated here, we present the physically appropriate
termediate time waveform is essential in order to ensure thaetarded waveform for a black hole collision in which there
the outgoing radiation is due to the black holes rather thais no ingoing radiation from past null infinitf ~ in the

the initial radiation content of the gravitational field. Featurebackground Schwarzschild spacetime.

(i) has potential observational importance for the design of These perturbative results furnish a reference point for the
an efficient template for extracting gravitational waves fromphysical understanding of a fully nonlinear version of the
detector noise. same approachl9—-21] which is being pursued using exist-

In a conventional astrophysical scenario, colliding blacking characteristic evolution codg$8,22. They also comple-
holes arise when each star in a binary undergoes gravitanent the physical picture obtained in this approximation by
tional collapse and the two resulting black holes inspiral andCauchy evolution.
merge. Unfortunately, the full simulation of such a system is The advanced solution for a black hole merger is simpler
presently far beyond the state-of-the-art in numerical relativio compute in a characteristic approach because of the rela-
ity. As a consequence, computational studies of black holéve location of the two null hypersurfaces on which bound-
collisions have so far been restricted to the vacuum caseéry information is known. One of the null hypersurfaces is
Furthermore, numerical instabilities in dealing with the the black hole event horizoK *, whose perturbation corre-
strong fields of black holes have limited Cauchy evolution tosponds to the close approximation of a binary black hole. In
short times.(See Refs[2,3] for recent result$.Long term  the advanced problem, the other null hypersurf@ce con-
simulations have only been achieved by introducing a perturformally compactified descriptioris future null infinity Z *
bative treatment but even in this case there have been nehere the outgoing radiation vanishes. Siri¢e and Z*
evolutions backward in time to determine the radiation conformally intersect at future time infinity", they can be used
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to pose a double-null initial value problei23—26 to evolve  extensive testing in order to demonstrate that the final wave-
backward in time and compute the exterior region of spaceform is free of numerical artifacts.
time. (Potential difficulties in dealing with* are avoided by In Sec. V, we present the properties of the retarded wave-
posing the problem on an ingoing null hypersurfagée form from a head-on black hole collision in the close ap-
which approxima’[eg'Jr and intersectsH T at a late time prOXimation. It has been suggeSted that the black hole merger
when the perturbation has effectively died p@n the other ~Waveform might have a distinct signature that is roughly
hand, in the retarded problem, the other null hypersurface i§idependent of the details of the initial conditions. Our re-
past null infinityZ ~ where the ingoing radiation is required Sults do confirm the generally accepted view that the wave-
to vanish. Becaus® * andZ ~ are disjoint, there is no direct form has a quasinormal ringdown stage characteristic of the
way to base a characteristic initial value problem on thesdinal black hole masswhich is here the background mass
two hypersurfaces. However, we find that the features of the main waveform are
The advanced solution provides the ingoing radiation in-S€nsitive to the presence of ingoing radiation fields of the
cident fromZ . In the context of linear perturbation theory, type that would be present, for instance, in the evolution of
the time translation and reflection symmetries of the back{ime reflection symmetric Cauchy data. _ .
ground provide a mathematically well defined way to carry ~Notation and Conventions: We use a metric of signature
out stage Il by using this ingoing radiation to generate & —+++) and a null tetrad with normalizatioh®n,=
“source free”advanced minus retardesblution. A retarded —m?m,=—1, so thatg,,=2(mMy) —IaNp)). We intro-
solution is then produced by superposition with the stage tluce standard angular coordinateés=(6,$) to represent
solution. In this paper, we deal with the subtleties producedhe unit sphere metrigas and setq®®=q*q®), where
in implementing this procedure and compute, for the firsigABq, = 52 with g= (1,i/sin 6). We useq” to define the
time, a perturb_atlve solution with no ingoing radiation. operator with the conventiodif = g”d,f, for a spin-weight 0
Time reflection symmetry allows the merger of two black nctionf. Complex conjugation is denoted with a “bar,” e.g.

holes to be described as th? fission of a white hole. It I1§.)ﬁt(f)=(f+f_)/2. These conventions lead to a different form
convenient here for computational purposes to formulate thé

binary black hole problem in this time reversed sense as $.f the perturbation equations from that originally given by
. o X o . eukolsky.

white hole fission since the characteristic evolution then

takes the standard form of being carried out forward in re-

tarded time. From a time reversed point of view, the stage | Il. BACKGROUND FORMALISM

solution is equivalent to the retarded solution for a white \/5rious coordinates were used in REt] to describe cur-
hole fission, with the physically appropriate boundary condivatyre perturbations of a Schwarzschild background. The

tions that radiation is emitted but that there is no ingomgsimplest global choice are Israel coordinaf@g] in which
radiation fromZ~; and, under time reversal, the stage Il ihe Schwarzschild metric takes the form

solution is equivalent to the advanced solution for a white
hole fission, with the boundary condition that radiation from ds?=—Wdw—2dud\ +r2gqagdx dxE, (2.1
7~ is absorbed but no outgoing radiation is emitted. Al-
though time reflection maps a black hole merger into a whitavhereu is an affine parameter along the ingoing null hyper-
hole fission, imposition of a retarded wave boundary condisurfacer =2M that forms the white hole horizon, is an
tion makes the resulting waveform markedly different inaffine parameter along the outgoing null geodesics in the
physical character. This is because the radiation from a whitéirection of increasing =2M —\u/(4M) and
hole merger can travel directly b whereas any black hole
process only produces radiation At indirectly from the 2\2
prior events leading to black hole formation. W= ———.

In Sec. Il, we review the background material upon which AU—8M

this work is based1]. We use a characteristic reformulation [Affine freedom has been used to &et 0 on the white hole
of the Teukolsky equationf27] governing the perturbative . n - i :
) . s horizon, to setu=0 at ther=2M bifurcation sphere be-

Weyl tensor. Previous work dealt with a characteristic evo-, . ;

; . X . tween the black hole and white hole horizons and to set
lution algorithm for solving the Teukolsky equation for the .y — . .
ingoing null component of the Weyl tensfit]. In order to 9 (aau)ab)\_. —1] _Israel poordlnates cover the (_antlre
carry out stage Il, we extend this work to an evolution algo-Kru.SkaI mameId.W'th nonsmgular and simple analytic be-
rithm for evolving the outgoing null component. CharaCter_ha\g?rr\.e?;?)oer)(;ﬁg?ersqurjl?)crtasntﬁi'zbglgl fonr (t:’Zirt(z)i,in)\riJ%erical ur-
istic data obtained for the nonlinear description of a binary ) ) ] ) e P
black hole spacetime is used to induce close approximatioROS€S are outgoing Eddington-Finkelstein coordinates)(

(2.2

data for the perturbative solution considered here. in which the Schwarzschild metric is

In Sec. Ill, we provide the technical details of our global
strategy for producing the retarded_ waveform from a.black ds2= _(1_ 2_M) dU2—2ddr +r2dO2. 2.3
hole process. In Sec. IV, we describe the numerical imple- r

mentation and testing of the evolution algorithm. Because of ~ 5
difficult computational problems of a global nature, we de-Hereu=—Me “*M andu is a Bondi retarded time coordi-
velop two independent evolution algorithms and carry outhate related to the standard Schwarzschild time coordinate
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by U=t—r*, with r* =r +2M log(r/2M —1). These outgo- Although the Weyl scalars formed from th&é*(n?) null

ing Eddington-Finkelstein coordinates patch the lower halfveCtor? arﬁ ngn-flrégfular n the flIJ” Kruskal Imangoldt, they
of the Kruskal manifold composed of the exterior quadrantare hot wetl adapted for numerical accuracy. in order to com-

and the quadrant above the initial singularity, with- at pute radiation at late timgs ~ne§r* E s advaﬂtageous~to
the black hole horizon ' consider a boosted tetrad¥n? m? m?), with 13=—-V2au

Israel coordinates induce the nonsingular complex nulfnd satisfyind *n,=—1, which is adapted to Bondi time
tetrad atZ™ rather than the affine horizon time We denote the

. corresponding Weyl components Bjfy=Cqpcdl *mT°m*
la— _yay— (i) ~[0,1,0.0 and ;= Chpcd1®mPn°md. In particular, the late time behav-
A e ior of the radiation waveform can be more accurately com-
S8 Wi g2 \2 puted by an evolution algorithm for the Weyl componeéqt
na=(ﬁ—) —§<5) =[1,m,0,0} Setting o= 0°P, and y,=3°d,, the Teukolsky equa-
u r _ o~ ~ = =
tions for the fieldsF,=r°®, and F,=r®, reduce to the
spin-weight zero forms

ma:_qa
V2r (D%+Sy)E =0, (2.9
1 _ 2 T
J2r
where
where
. 16M(r—3M M +3
S A L (A 2 S (r23 )(9%_303 + O 266)
=125 T sinel oo =[0,09"]. (2.9 ur r r
The Teukolsky equatior®7] for the vacuum perturbation of 4(r—3M) 30M  (6+39)
the outgoing null component of Weyl curvaturel, == 2 rT T 3 2
=Capcd 2mPI°m? (in Newman-Penrose notatidi29]) and ' ' ' 2.10
the ingoing null componeny, = C,,cn*m°n°m? are ’
and
L? L?
Lo+ — | =0 and |L,+—|¢,=0, (2.6 .
0" 5r2) Yo PIAC 16M(r—3M)  6M  (2+380)
W= ATt 2
where ur r r
Y T R _A(r—3M)  BM  (2+80)
07 amr N T AT g T T Et Tz
(2.1)
- N3M —4r)o, + =—,
Mr? ( STV and
1 2\ (16M2—u\)
= — 242 _——_—— 2—_— —
L4 4Mr}\ 0")\+(9U0")\ 4MrU&u D = (8M2_u)\)2 a)\ 25u0)\
7 s r2—16M2+4Mr @7 o)\ 2
T 2NN : -2, 2.1
2r? 2Mr3 aM2—un A (2.12

andL?=— 33 is the angular momentum squared operator. . : , e
The Weyl componentgs, and ¢, have spin-weight=2 Is the I:azpla0|§n Qefmed by the metrids’=—(1
ands=—2, respectively. It is useful to convert Eq.6), —2M/r)du“—2dudr induced by the background on the

(2.7) into spin-weight-zero equations by settinig=032®, 2-dimensional §,r) subspace. Equatiori®.10 and (2.11)
and ¢,=82® . Furthermore, the computation of asymptotic 8SYymptote to one-dimensional wave equations for solutions
behavior is enhanced by working with the fiellg=r5®, whose radial derivative falls off uniformly a®(1/r?). The

and F,=r®,, which generically have finite non-vanishing limit of F, determines the o~utgoing gravitational radiation
limits at Z" for asymptotically flat perturbations. waveform while the limit ofF is related to the retarded
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quadrupole moment of the system. More precisely,fifja ~ tions using other tetrads. Let¥,=CgpNmPN°md

=N, whereN is the standard definition of the Bondi news =¥ (u,r,6,¢) be a perturbative solution fo¥,. Then the
function. time reflection symmetry implies that ¥,

In these variables, the deviation of Eq2.8) and (2.9 :Cabchamchmdzxf(_;,r,g, #) is a perturbative solu-
from a 1-dimensional wave equation is independent of timgjon for ¥,. This correspondence maps a retarded solution
at a fixedr. Becauser,= (u/4M)?F,, whereF, is regular  (no incoming radiationfor ¥, into an advanced solutigimo
throughout the Kruskal manifoltsince it is constructed with - outgoing radiation for ¥,. In terms of thel 2 andn? Weyl
a regular basijs it follows that F,—0 as the black hole components, the SO|UtiOE4:Tﬂ(D,r,0,¢) corresponds un-
horizon is approached. This facilitates an accurate long terrger time reflection to the solution
evolution of the waveform using E@2.9).

In contrastF o= (4M/u)2F,, so that~, is singular on the
black hole horizon, and thus a poor choice of variable for ~ 4r2
long term evolution. The opposite signs of the coefficients of o= (r—2M )2'!’(_U’r'0'¢)' (.17
d, in Sy and S, are responsible for this behavior, as can be
seen by ignoring the remaining potential terms and freezing
the coefficient ofg, atr=2M, so that Eqs(2.8) and (2.9 A. Close approximation data

reduce to . .
Data for the double-null formulation of the characteristic

1) _ initial value problem are given on a pair of intersecting null
(253— dr— M) dFo=0, (2.13  hypersurfaces. The data for a fissioning white hole are posed
on the ingoing null hypersurfack = and an early outgoing

1\ . null hypersurface7~, which extends fronf{ = to Z*. In
(2(?;1—(9,+ i d,F,=0, (2.19 Ref. [1], consistent double-null data fa¥, for a fissioning
white hole were obtained from the metric data for the non-

in terms of retarded Bondi coordinates. In this approximadin€ar version of the problem in terms of a spin-weight-2

tion, both of these equations admit purely outgoing wavedield J describing the inner conformal geometriestof and

=~ o . J~ [20].
F.(u). However, an ingoing~o wave has the exponentially The underlying field) for a white hole fission is provided
singular behavior

by a conformal model based upon an ingoing null hypersur-
face  emanating from a prolate spheroid embedded in a flat

space30,31]. Let (r, 6, $) be standard spherical coordinates
as an initial pulsef (Uy+2r) approaches the black hole ho- for the inertial time slicest=const of Minkowski space.

fizon asu— . An ingoingF, wave behaves in an opposite W'hen thg eccentricity of the spheroid 'vanishes, the
fashion and decays exponentially on approach to the b|ac|yl|nkowslf| null hypersurface reduces to the light cone from

Eo=f(U+2r)e®-uor2m (2.15

hole. a spheret=0, r=a. The intrinsic geometry of\ is de-
The different forms of Eqs(2.8) and (2.9 make it clear scribed by a degenerate rank-2 metriégh,gz where J
that the Weyl componen in the outgoing null directioh®  =g”q®h,g. To linear order in the eccentricity, the confor-

and the Weyl component, in the ingoing null directiom®  mal model gives

are not related in a way which makes manifest the Schwarzs-

child time reflection symmetryZ; defined by7(t,r,0,¢) - asirfe

=(—t,r,0,¢) in Schwarzschild coordinates or by J(t,0)=— i—a (218
T(u,r,0,6)=(—0.r,0,¢) in terms of Bondi retarded and

advanced times=t—r* andv=t+r*. The time reflection _

symmetry could be incorporated explicitly into the pair of ~ This conformal geometry of” models the conformal ge-

Teukolsky equations by introducing null tetrad vecttys  ometry of the white hole horizori{ = in the close limit
=al? and N3=(1/a)n? satisfying 7L2=—N?& However, Where the fission occurs in the infinite future. The area coor-

the explicit form of the required boost, dinater of the geometry of{ ~ differs from the correspond-
ing r of the geometry of\/ in order to yield an asymptoti-

2M  [2(r—2M) 2M —2\u cally constant surface area for the initial white hole in the
>~ N T —8M2—)\u’ infinite past. For _vanishing eccentricity, _this produces a
2.16 Schwarzschild horizon and a small eccentricity generates the
' close approximation.

makes it clear that such a time symmetric formulation would The Raychaudhuri equation, which governs the expansion
introduce singular behavior at both the black and white hole@f a null hypersurface, forces a difference in the affine pa-
horizons. rameters on\ and H ~. With a suitable choice of affine

This time symmetric tetrad is useful for formulating the scale, the relation betwednand the affine parameter on
time reflection properties of solutions of the Teukolsky equathe white hole horizon is
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. ApA ovd  mm o\ 4T lll. COMPUTING RETARDED WAVEFORMS FROM
ﬂ:A(;): (=7 [(5 V13) 27 , BLACK HOLES
du (3—57+72)2\ (5+4/13)—27

(2.19 A. Removing the ingoing radiation

In the time reversed scenario being pursued here, our

where7=1—a. At early times Eq(2.19 impliesu~1 but as stra_te_gy for computing the retarded s_olution for a black hole
the Minkowski null cone pinches off at=a the correspond- CO!“S'On IS baseq upon the _computatlon of the advanced. S0-
ing affine time on the white hole horizon asymptotesuto lution from a white hole fission. SFage | of thg approac.:h,.Le.
—o. In terms of the inverted pair-of-pants picture for a computation of the rete}rded solution for awh|.te h(_)le fission,
white hole fission, the pants legs are mapped-oe, so that has already _been carried df]. Close approxmanon data
in the close limit the individual white holes are mapped tof0r #4 provided by the conformal horizon model was
future infinity along the white hole horizon in the Kruskal €volved to determine the stage I solutigi, throughout the
manifold. The details are discussed elsewhere in a treatmeRKterior region of spacetime. In practice, the evolution com-
of fully nonlinear null data for the general two black hole putes the corresponding spin-weight-0 poterﬁ-'l@j, whose
problem[20,31]. value on Z* determines the outgoing radiation field
Close limit data forJ(u, 6) on the white hole horizonare £, — |n stage I of the white hole problem, there is no
determined by Integrating Eq2.19 and §upst|tut|ng Into ingoing radiation fromZ ~. In stage I, the strategy for con-
Eq.(2.18. In order to eliminate nonessential integration Con'verting the retarded solution to an advanced solution with no

stants, we seti=0 at ther=2M bifurcation sphere. Then, ; o . .
up to scale, the close data are determined by the single IOg_utgomg radiation is to superpose a perturbative solution

rameter whose outgoing field equals F 4 out-
This procedure for converting from an advanced to a re-
tarded field in a white hole spacetime differs from the stan-
__ Jlu=o __ 1 (2.20 dard procedure in a flat spacetime. The retarded solution
K UJ|y=o o ' ®e7of the flat space wave equatiand = S with sourceS
may be converted into the advanced solutibppy by su-

where >0 is a scale invariant parameter determining the'ierposmg the source freéhomogeneous solution H
yield of the white hole fissior(in the time reversed scenario — Papv— Prer. In the vacuum white holéor black holg

of a black hole collisiony is related to the inelasticity of the Problem, there is no source in the exterior spacetime. The
collision)) In the linear approximation, white hole horizon itself acts as the source of the exterior

solution. In this vein, specification of the “source-free” so-
1 lution which transforms a retarded white hole perturbat-
Ya~=J - (2.21)  ion to an advanced white hole perturbation requires spec-
2 ification of horizon data ori{ * as well as the outgoing data

—|~:4’|1OUT atZ*. These horizon data must not introduce any
In this way, the conformal horizon model determines thefeatures which change the physical interpretation of the sys-
close limit data fory, on the horizorf{ . By choosing7™  tem as a white hole fission. For example, it is essential not to
to be an early outgoing null hypersurface approximafing  syperpose a black hole merger on the white hole fission, as
we prescrlbe dat#,=0 on «Z_’ which is consistent with the  this would result in the specification of a Cauchy problem
asymptotic falloff »,=O(u~3) along %~ implied by Eq. with time symmetric data.
(2.18. This approximates the condition that there be no in- We carry out the conversion to an advanced solution by

going radiation fromZ_‘. . . evolving backward in time the double null problem with data
In terms of the spin-weight-zero potentigl,, the close - , + ~
F,=0 on the black hole horizorH™ and dataF,=

data on{ ~ have the normalized form N .
—Fy410ur @ Z7. These data leave the black hole horizon
unchanged and its evolution determines the analogue of the

, (222  ‘homogeneous solution'H. The superpositiorF 4, =F,
+H then produces the desired advanced solution for a white
hole fission with no outgoing radiation. The stage Il solution
leaves the black hole horizon unchanged but perturbs the
hite hole, essentially making it ring. In the time reversed
lack hole scenario, this is a physically desirable effect be-
. . cause the binary black hole data provided by the conformal
(2.22)... Howeyer, the relatlonsh|p§2..19)A produces a sharp ri-on model has a power law decay un which corre-
transition region wheAre the beha}wor ofu) crlanges from sponds to a purely exponential decaytimwithout quasinor-
the asymptotic fornd7/du—1 as7——x to dr/du—0 as  mal oscillations.A priori introduction of ringdown in the
7—0 [20]. For large values of the parametgrthis produces final black hole data would be artificial. In stage Il, the con-
sharply pulse shaped ddta). version from an advanced to retarded binary black hole so-

Fa=—(Ad;)(Ad3)

RN

after factoring out thé=2 angular dependence.
The time dependence of the close approximation data i

quite mild when expressed as a function afas in Eq.
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lution automatically introduces this ringdown in a natural 6(626— 52C)
way in addition to removing the ingoing radiation. IL=0M+ T

3.7

The Weyl components, and, form the major part of The asymptotic values of the Weyl components are ob-
tained from the metric according to

the geometrical description of a Schwarzschild perturbation:
The waveform atZ* is described directly byj,. Stage II

B. Producing the outgoing waveform

~ . -~ 3
provides indirect waveform information in terms af,, g = lim rsl//ozzQ, (3.9
which can then be used to obtain the waveform by means of r—e
differential relations betweeﬁo and .. Asymptotically, at 1
77, these differential relations can be obtained either from ~,/,0- = lim “7, —_4C. (3.9
i L. . . 4 - 4 u= .
the vacuum Bianchi identitieg32] or from the asymptotic r o 4

behavior of the metri¢33—35. Here we present the latter
metric approach, since it provides a complete asymptotic derpjs allows determination o3 in terms of % by solving

scription of Schwarzschild perturbations. for C in terms ofQ. By taking 2u derivatives of Eq(3.5)

In the (u,r,x*) Bondi coordinates with background and using Egs(3.6) and (3.7) to eliminate M and £, we
Schwarzschild metri¢2.3), a vacuum perturbation nedr”  gpiain

perturbs the metric in the asymptotically flat fof35]

A B 3 1 4.~ M >
09ar=09aed"q"=0, (3.9 #:Q= 5, 0*%C+ 5 #C. (3.10
2M 1 ReplacingC and Q by spin-weight 0 potentials defined by
ogyu=——+10 ) (3.2 c=#% andQ=5%q, Eq. (3.10 reduces to
B} PE =iL2(L2—2)éf‘€+ Magc (3.1
A O0C 2C 1 W= 5, uCt 5 e :
5gaAq :T+3_+O -1, (33)
r
When c is real, the solutions of Eq3.11) for which q
=0 are solutions to the linearized Robinson-Trautman equa-
5 AgB— Crt Q +0 3.4 tion. Since the Robinson-Trautman solutions are singular as
Gasd a =517 2]’ 34 U— —oo, the requirement of nonsingular initial conditions

leads to a one-to-one correspondence betweandg. The

) ) ) = A axisymmetric head-on collision of two black holes corre-
whereC,.Q, /\/l and/. are spln—welghted functions pﬂ(x ). sponds to the case whecsis a real (=2,m=0) spherical
The spin-weight-2 functionsC and Q comprise the harmonic. In that case, EB.11) gives
asymptotic part of the initial null data, in metric form, on a
constantu hypersurface. In Bondi's terminology, the spin- 2 (v & sims~
weight-0 functionM is the (perturbed mass aspect of the JaC= € ’ f_mdte Maza(t). 312
system and the spin-weight 1 functighis the angular mo-
mentum aspect. The time. derivati\{e 6gABquB can .be . Whenc is complex, the solutions faq=0 correspond to
determined from the evolution equations. The time derivative, twisting version of a Robinson-Trautman perturbation. In

aiCis the Bondl NEws funcfuon and requires a radial Integrayy;q case, the imaginary part ofgoes exponentially tee as
tion to determine its value in terms of a boundary condition~

on an inner worldtube. The time derivative Qfcan be de- U— +20 and the relation be_tween andg IS more compli-
termined locally. Similarly, the time derivatives @f and £ cated. The complex case will not be considered further here.
can be determined locally from the components of Einstein’s Fortt?e qlu?.druzgls case, Eq3.1) determines the
equations representing conservation laws. In an asymptoti%Symp otic refation '
Bondi frame, the relevant evolution-conservation equations

. 1 ,. - M _
are Eqs(7.19—(7.22 of Ref.[35]. They imply 5 33Fo: Fat ?&DF“’ (3.13
oL MC . _ ~0  x2=0 .
<TUQ=? + — (3.5 which determines the waveforgiy,=d°F, atZ * in terms of

the asymptotic fieldj3=8%F9. This relation can also be ex-
pressed in the integral form

~ 16 3.9 =N (3.14
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1 1 om (U & 50um B 2(1—-2M/r 2M  3M(1-2M/r)| .
N=Z%C=me ZU/MJ;OCdtGZI/M(?{Q(t) O')G&NU—’_(#)&U_r_zaa_'—(T Fo=0.
(4.2
1 S (U~ g 3~ I . L~
=3—Me‘2“’MJU dte?™aEyd(D), (3.15  The code is implemented in coordinates,£), where p
- =arctan{/a) and « is an adjustable parametéypically «
=40M). These coordinates compactify’ at p= /2. The
whereN is the Bondi news function. Teukolsky equation takes the form
. 2(r—=2M) . 2a(l+tarfp) .
IV. NUMERICAL ALGORITHMS AND ACCURACY &(J&pF(): — —zﬁpFO-}— — d;Fo
r r
The stability of the background Schwarzschild geometry
and the insensitivity of the Weyl tensor to gauge problems 3 a(r—2M)(1+tarfp) .
imply the absence of any theoretical limitations to the accu- 2 4 Fo, (4.3

rate numerical evolution of the Teukolsky equation in the
exterior Kruskal quadrant, where the background spacetime, . . . . .
is nonsingular. However, there is a practical limit to how Which is nonsingular in the regionr m/2<p< /2. How-

e P .
close a numerical evolution can produce meaningful resultg\éigszgmp?ggggﬂo;lgzs O?ﬂ%%rizzgﬁli?mlﬁc[?g]d'?ﬁ;es
near future time infinity * or past time infinityl ~. There is y Vi '

no nonsingular way to treat time infinity as a boundary in acoefficients in Eq(4.3) have finite limits aZ ™, but thedyF
conformally compactified manifold, as is possible for null coefficient is not differentiable a . In (u,l=21/r) coordi-
infinity. Thus time infinity can only be approached asymp-natesF, can have analytic dependence loat Z* but the
totically and the asymptotic values of fields can depend oRy,nstormation to §,p) coordinates introduces logarithmic

the direction of approach. This direction dependent fimit atbehavior SO thaFO is not twice differentiable with respect to

I makes an evolution o, difficult. L T .
Numerical difficulties have led us to implement the stage? atZ”. Our tests show this still ‘T""OW_S th_e compgtatlon of
FoonZ™ to 2nd order accuracy in grid size. Similar loga-

Il evolution of F, using two distinct approaches, one based thmic behavi ists af t i iqinal st | al
upon a retarded time foliation and the other on an advanceﬁthm'fl] ehavior exists In-our original stage 1 algo-

time foliation. Both approaches require finding variables

which allow for stable evolution of waves propagating insidet We implement Eq(4.3) as the first differential order sys-
the peak of the Schwarzschild potential, which turns out oM
be difficult. The retarded time algorithm uses an evolution
variable which is adapted to the falloff @", and the ad- A 2(r—2M) .

: : : ; FFo=9(u,p)— ———— F, (4.9
vanced time algorithm uses an evolution variable adapted to r2

the falloff atZ ~. Both approaches have similar accuracy but
the advanced time algorithm is more efficient at treating be-

havior nearH* and the retarded time algorithm is more J g:2a(1+tar12p)g_ a(1+tartp)
efficient nearZ *. . r2 2r4
X (r—2M)(3M+2r)Fy, (4.5

A. Retarded time algorithm

We base the retarded time algorithm on the evolution variwhereg is introduced as an auxiliary variable.
able The numerical 4,p) grid consists of points on the
. - =const foliation. For reasons of economy and accuracy, the
Fo=(1-2M/r)%F,, (4.2) grid points are uniformly spaced i in the region of com-
pact support where the initial data is non-zero and are uni-
which is finite on{ T, as well as oL * where the waveform formly spaced irp in the outer region where the initial data
is read off. However, the factor (12M/r)?, which makes ~Vvanishes. We solve Eq¢.4) and (4.5 using a 2nd order

F, vanish identically or#{ ~, introduces a singularity & ~ accurate Runge-Kutta scheme.

in the associated Teukolsky equation. In additiﬁs,is infi-
nite onZ . We deal with these problems by initializing the
double-null problem on an ingoing null hypersurfake We base the advanced time algorithm on the evolution
approximatingH ~ and on an outgoing null hypersurfage variable
approximatingZ ~.

In (u,0) do_uble null coordinates, the Teukolsky equation l":0=(1—2M/r)2r5>0=£I30, 4.6
for Fo (1=2) is 4

B. Advanced time algorithm

084034-7
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which is finite onZ~ and onH . Sincelfo automatically

vanishes orf{ ~, we must again initialize on an ingoing null

hypersurfacelC = approximating ~. In addition, IEO van-
ishes onZ *. Consequently, the signal ci* must be ob-
tained by transformind}o to IEO on successively farther out
v=const slices and extrapolating #e=. Although the ad-
vanced time algorithm can be initialized @n this gives no
distinct advantage in computing the waveforniZat and, in

order to facilitate comparison with the retarded time algo-

rithm, we initialize on an outgoing null hypersurfacg"
which approximated ~.

The advanced time evolution varialﬁ-’% satisfies

2(r—3M)
2

(1-2M/r)(2r+3M) | .
+ F0:0
2r3

(4.7

Ty + 7

r

This is precisely the equation fdt, under the transforma-
tion v« —U. (Under time reflectionF,=47F,.) Thus the

advanced time algorithm is equivalent to an algorithm for

evolving F, backward in time.
The evolution proceeds along=const null hypersur-

PHYSICAL REVIEW D 65 084034

C. Extracting the retarded waveform

The retarded waveforri, onZ* is obtained fronF, by
means of Eq(3.13. Given the values df,, we integrate Eq.
(3.13 by the midpoint rule to obtairk,, using the initial
condition thatF,=0.

The retarded algorithm providég, onZ " directly. In the

advanced algorithm, wherg™ is not in the evolution do-
main, we extrapolate the waveform &t from a quadratic
polynomial based upon approximate valuesFaf obtained

by applying Eq.(3.13 on three ingoing null hypersurfaces
approximatingZ* (where we substitute“f:o for INZO). The
three null hypersurfaces consist of the advanced time slices
V¢, v¢/2, andv /3, where(typically) v;=4000M.

D. Initializing the stage Il evolution

Initial data for the stage Il evolution, i.e. the value i
on 7, is obtained by a time reflection of the retarded stage

| solution for %, on 7. Technical problems arise here be-
cause the stage | evolution does not provide accurate data at
late times on7* [1]. We deal with this by smoothing the
stage Il initial data to zero outside a region of compact sup-
port where the data would otherwise be small. This modifi-

faces, which are compactified by the coordinate transformacation of the initial data also guarantees consistency with the

tion U= a tanu, where — w/2<u</2 in the range from
I~ toH*, ande is again an adjustable parametspically
a=200M in the advanced time casdn these coordinates,
Eq. (4.7) becomes

2(r—3M)

2 I

a(1-2M/r)(2r+3M) . _

d,05+ 0=0.

r 2r3cosu

4.9

This equation is non-singular in the regienm/2< u< /2,
but the coefficient ofIEO is not differentiable onZ~ (u
=—/2). On an ingoing null hypersurfacéo can be ex-
pressed as a power series lia 1/r. This implies that the
associated series j contains logarithmic terms of the form
wm(1+ wlogw), and is not twice differentiabléwith respect

boundary datag,=0 on K, which approximates the
boundary condition that the perturbation vanishes-on.

The relation/9= ;N on Z* requires that the integral

f " dUO=NI. (4.10

vanish since the news functidsi must vanish at either limit
in order that the radiated mass loss be finite. By time reflec-
tion, it follows that the integral

(4.12

on 7. However, artificially truncating the initial data to
compact support causes this integral to be non-zero, although

to u) onZ . Our tests indicate that the code is 2nd ordersmall. This leads to the following artificial behavior Bf, at

convergent despite this mild lack of differentiability.
We implement Eq(4.8) in the first differential order form

d,Fo=0 4.9
2(r—3M)g - a(r—2M)(2r+3M)F,

FH9=—
g r2 2récosu

(4.10

where we have introduced the auxiliary variagleThe nu-
merical (,u,Z) grid consists of points on the= const folia-
tion equidistant inu. The hypersurface equatiof®.9) is
solved by 2nd order accurate integration and Eg10 is
solved by a 2nd order accurate Runge-Kutta scheme.

early retarded times.
This early time behavior OFO is conveniently described

in coordinates §,l = 1/r) which compactifyZ ~ at1=0. In
these coordinates, the evolution E4.8) becomes

92+ (1= 312M) g+ (2+3MI) |Fo=0.
(4.13

Consider initial data orZ = with compact support in the
regionv,<v<uvy. Integration of Eq(4.13 alongZ ~ from
v=v, to v yields

1
3\ 2
[°M 2I

.

HEg=—2 f W E.dv=a(),
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oo - FIG. 2. The 4thu-derivative of Fig. 1.
FIG. 1. SignalFy(u) produced o =1000M by an initial com-

pact pulse. The solid curve indicates a fit to a cubic polynomial. time behavior in|~:0 is described by a quartic rather than
cubic polynomial inu but the 4th order coefficient is small

where according to the above argumelt) should vanish ~ for reqsonably early start times. We performed the foIIovying
for 7=7,. However, our numerical procedure for truncating SXPENments to measure the sensitivity of the stage Il signal

~ ~ o~ to the location oflC ™ and. 7. In these experiments we used
the data leads to a small value afv,,). Hence, forv=vy,,

- - ) a stage | run to obtain close approximation initial data with
on any ingoing nuIINhypersurfacEO has the asymptotic be- 7=1410 forE, on 7~ and measured the signal propagated
havior Fo(v.l)=a(vp)l+O(I1?). When re-expressed in to7*. Exceptwhen computational expense would have been
(u,v) double null coordinates, this implie, has the prohibitive, the experiments were carried out with both the
asymptotic behaviofzo(ﬁlg):a(;b)mju O(ﬁz). In numeri- retarded time and advanced time evolution algorithms with
cal simulations, this produces artificial cubic polynomial de-Virtually equivalent results. _
pendence of, at early times orZ . Since this cubic be- In the first set of experimentsiC~ was placed ab
havior is removed by taking foun-derivatives it does not = —200M andv =—100M, with the initial hypersurface/ -
affect the wavefornt , calculated fronF, using Eq.(3.13.  located atu=—720M in both cases. Fov=—100M the

We simulated this artificial early time behavior by using initial data on7~ implied by the time reflection of the stage
the advanced time algorithm to propagate an extremely nal-evolution was approximately 5 orders of magnitude smaller
row initial compact support pulse ofi~ of the formF, atk~ t’gan at itsé pezKatv?O); aﬂddforvzﬂzoar:/', the )
TN TN oy T o ; size atKC~ was 9 orders of magnitude smaller than at the

FE(U ~v1_)(~U2_ v)] f(?r v1<v<|v2, ahndFo IO. othgersie, peak. The stage Il approximation of smoothing these data to
w eregz U_l_'lM' Figure 1 p~ots the resulting sgnEo zero onkK ~ violates the integral conditiofd.12 and pro-
on the ingoing null hypersurface=100QM. (By looking at  gyces the early time polynomial behavior shown in the plots
the signal on finitev we avoid problems associated with of Fo(U) atZ* in Fig. 3. For both locations of ~ the early
spatial infinityi®.) The figure shows that the early time be- time behavior is well fit by a 4th order polynomial but the
havior fits a cubic polynomial inu. This cubic polynomial size of the polynomial is about 1@imes larger for the far-
dominates at later times and masks physical effects such alser out location ofC ~.
quasinormal ringdown. However, Fig. 2 shows that after tak- Figure 4 is a magnified view of Fig. 3 showing how the
ing four u-derivatives the ringdown is clearly observed andearly time quartic polynomial behavior contaminates the
there is little trace of the secular behavior. Note the drasti@enuine signal at later times.

difference between the scales of Figs. 1 and 2. Figure 5 shows that the two signals agree after taking four
In computing waveforms from close approximation data,u derivatives.
because the initial surfacg™ is at finiteu the artificial early In the second set of experiment§,” was located ati
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FIG. 5. The 4thu derivative of Fig. 3 shows independence of
the location ofC . The evolution is terminated when late time
noise begins to contaminate the resulf&ee Sec. IV B.

FIG. 3. Comparison of the behavior &, for two locations

of €.
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FIG. 6. Comparison of early time behavior fgf~ located at

four different retarded times.

FIG. 4. Blowup of Fig. 3 in the region of the genuine signal.
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FIG. 7. Blowup of Fig. 6. FIG. 8. The 4thu derivative of Fig. 7 showing the independence
on the location of7 .

=—540M, U=—720M, u=—509M, and u=—o, with B
K~ located atv=—100M (to accentuate the early time A=8Mel/AM~L,
polynomial behavior Figure 6, which plots the resulting

signal Fo(u) onv=100QM, shows that the polynomial be- BecauseF, is defined in terms of a globally well-behaved

havior becomes more pronounced s approacheg ™. tetrad, this introduces an exponential dependence in the evo-
Figure 7 shows how the early time polynomial contami-|ution variables which influences the numerical performance

nates the genuine signal at later times, with the effect inin the following way.

creasing ag/  is located farther in the past. Finally, Fig. 8 NearH *, asr—2M, Egs.(4.2 and(4.7) reduce to

shows that&ST:O is unaffected by the artificial polynomial

behavior and indicates that a start time wf —500M is 1
sufficiently early to obtain the correct stage Il retarded wave- I3 oM
formonZ™.

Both sets of experiments confirm that the artificial behav- . as . . . .
ior of F, at early times has no effect on the accurate calcuVhere fo=Fo=16M"Fo. This equation admits outgoing
lation of the waveform af *. waves of the formf,=f(u)exp(v/(2M)) in the region in-
side the Schwarzschild potential. These exponentially grow-
ing waves are forbidden in the analytic version of our prob-

_ _ _ lem by the boundary condition th&t,=F,=0 on K ~ but
Both the retarded time and advanced time algorithms eXthey are excited by roundoff error. As the computation pro-
hibit exponentially increasing errors at late times. This nu-

. . S .~ ceeds, the intervalv between/C ™~ and the peak of the
merical problem arises from the definition of our evolution . o
. ) : . ! Schwarzschild potential increases and eventually round-off
variables, which are not designed to deal with late time fea: N L i .
: 3 . error in this interval undergoes sufficient exponential magni-
tures near the future horizdd ™. Forr~2M, our evolution

i X fication to spoil the exterior evolution. There remains an in-
variables are related to the Israel tetrad varidhjeby ner region onH * where the solution is accurate. For both

)&af0=0, (4.15

E. Late time behavior

A2 algorithms, doubling the precision at which the computation
|‘:0: 16M 4|“:0:_2|:0, (4.14 is carried out increases the meaningful computation time. For
example, the double precision runs shown in Figs. 5 and 8
end prematurely due to the onset of numerical noise but in
where the affine parametaris exponentially related to ad- quadruple precision both runs can be extended through five
vanced Bondi time by or six cycles of quasinormal ringdown.
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FIG. 10. Close approximation waveforrii,(u) on Z* for 7

FIG. 9. White hole fission close approximation d&aU) on  =7060, 1400, 368 and 84.3.
H ~ for »=7060, 1410, 364 and 84.3.

V. CLOSE APPROXIMATION RETARDED

WAVEFORMS 1.5 ' ' ' '
We begin with a review of the close approximation re- — M=7060
tarded waveforms from a white hole fission obtained in stage o 2:‘0401502 "
| [1]. The close approximation white hole horizon perturba- === 1=.00001

tion (I~:4|Hf) given by the conformal model is a pulse with
the following basic properties in terms of its dependence on 1
the scale invariant parametgr(see Sec. Il A In the largeyn
limit ( #>250) the amplitude of the pulse scales quadrati-
cally with » and the width is a monotonically decreasing
function of » (the width becomes zero ag—x). In the
small » limit ( <25) the amplitude scales linearly with )
but the shape of the pulse is independentzofFigure 9 * 05
shows the horizon data obtained from various large and mid-
size values ofy (the amplitudes have been renormalized so
that all pulses have the same height
The associated retarded white hole fission waveforms

(F4|7+) have a similar dependence gnln the large limit

the waveform consists of an extremely sharp initial pulse
followed by ringdown and power law tail. The amplitude of

the initial pulse scales quadratically withand the width is

a monotonically decreasing function gf As #» is reduced,

the initial pulse(signal prior to ringdowih becomes wider

and obtains more structure. In the smallimit the ampli- ~05

tude scales linearly withy and the shape is independent of -50 —30 -10 10 30 50

7. Figure 10 shows a sequence of waveforms from large to ’

mid-size values ofy.
We now present the results for the retarded solutions fromstage | and I, with amplitudes renormalized so that the peaks

a black hole fusion in the close approximation obtained bymatch. The narrow peak correspondsite 7060 andn=1410.

FIG. 11. Final black hole horizon perturbation after superposing
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FIG. 12. Black hole retarded waveforms for close approxima- FIG. 13. Ringup of the waveform¥,|;+ multiplied by
tion data. exp—.088941/M.

superposition of the advanced black hole restiitae rever-  ized so that all waveforms show the same quasinormal decay
sal of the above white hole solutiorend the stage Il results. at late times. Note that, aside from amplitude, the waveforms
This superposition yields the retarded waveform and a modihave only weak dependence an This is a great departure
fied black hole horizon perturbation. In the following para- from the stage | results that the widths of the retarded white
graph, we first describe the black hole horizon perturbationshole waveforms depend strongly oy which produces ex-
Figure 11 shows the perturbation &n" for the retarded tremely narrow pulses for large.
black hole solution. Unlike the stage | perturbation of the It should not be surprising that retarded waveforms from a
white hole horizon(see Fig. 9, here the width of the pertur- black hole merger differ qualitatively from retarded wave-
bation is never smaller than a quasinormal period. forms from a white hole fission. The fission process is di-
The superposition procedure for obtaining the stage lkectly observable af *, whereas the merger waveform re-
perturbation of the black hole horizon turns the very sharpsults indirectly from the black holes through the preceding
stage | pulses associated with largeinto relatively broad collapse of matter or gravitational wave energy that formed
pulses. The final black hole perturbation approaches a uniquem. This also explains why the fission waveform should be
asymptotic shape in both the large and smgliimits. In Fig.  more sensitive to the parametgrwhich controls the shape
11, »=7060 andn=1410 give the largey shape, whilep  and time scale of the horizon data. However, the weakness of
=.00524 andn=.00001 give the same smajl shape. Note the dependence of the merger waveformspis surprising.
that the two extremes are themselves very similar. Conse- The retarded black hole waveformsZ&t also show the
quently all the retarded black hole waveforms obtained fromringup-ringdown pattern. The ringup is due to backscatter of
this procedure are very similar in shape. the ringup on the initial slice7 ~. Interestingly, the backscat-
One of the most striking features of this new horizon per-tered signal of ah=2 quasinormal ringup o ~ is a ringup
turbation is the initial ringup, which is later followed by the onZ* with the samé=2 time dependence. Figure 13 shows
expected ringdown due to scattering off the Schwarzschildhe ringup phase of the waveform obtained by pladihg at
potential. The ringup ori{ * results from the ringup of the 7=-100M and aty = —200M. (The data fory = —200M
data onJ ", which in turn results from the ringdown of the . . . ~ . .
stage | waveform. This ringup is an unavoidable feature O]contaln more ringup cyclesin the f|gureF4|.I+ is multiplied
our two stage methodology for removing ingoing radiationPy €xp(0.08896) to remove the exponential part of the qua-
from the black hole merger. sinormal time dependence. Note that in the —200M case
Figure 12 shows the waveforms for close approximatiorthe ringup begins exactly 1080 sooner indicating that it is
data obtained from the conformal model. The amplitude ofindeed the ringup of the initial data that is responsible for the
the waveforms scales linearly with and has been renormal- ringup of the waveform o *.
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VI. DISCUSSION The present work is part of an ongoing effort to carry out
a similar two stage characteristic evolution to provide the
null evolution code to give a new way to calculate the re_vv_aveforms from goalescing black holes in th? nonlinear re-
tarded waveform from a binary black hole merger in thedime: Because this is an unexplored area of binary 'bl'ack hole
close approximation. The process of removing ingoing radiap.hyS'CS’ th|s_ p_erturbanve_study of the head-c_)n collision pro-
tion from the system leads to two major new features in thevIdes a preliminary physical che_ck which will be_ useful n
shape of the close approximation waveforms for a head—or(?Xtendlng thg wqu_to the nonlinear and nonaxisymmetric
collision: (i) an initial quasinormal ringup an@i) weak sen- case, where inspiraling black holes can be treated.
sitivity to the parametes; of the model that in some heuristic
sense controls the collision velocity. Featuii¢ has the po-
tential importance of enabling the design of an efficient tem- We thank Manuela Campanelli for numerous helpful dis-
plate for extracting a gravitational wave signal from noise. cussions. This work has been supported by NSF grants PHY
Similar attempts to remove ingoing radiation from 9800731 and PHY 9988663 to the University of Pittsburgh
Cauchy evolutions of close approximation data have not yeand PHY-0135390 to Carnegie Mellon University. Y.Z.
been made. Such studies would help clarify whether thehanks the Albert-Einstein-Institut for hospitality. Computer
above features are of intrinsic physical origin or an artifact oftime for this project has been provided by the Pittsburgh

our methodology. Supercomputing Center.

We have combined the conformal horizon model with a
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